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The B B K G Y equations for N identical, impenetrable, charged particles which move in one 
dimension and lie in a charge neutral izing background, are shown to separate into N uncoupled 
equations for the sequence of N reduced distributions. The potent ia l relevant to any subgroup of 
s adjoining particles is tha t of an «-dimensional harmonic oscillator whose frequency is the plasma 
frequency of the aggregate. The «-particle spatial equi l ibr ium distribution reveals tha t particle 
vibrations remain centered about fixed, uni formly distr ibuted sites as Q/T goes f rom zero to 
infinity, where Q is particle density and T is temperature. T h u s i t is concluded t h a t the system 
suffers no change in phase for a l l o and T . 

1. Introduction 

In this paper we consider a one-dimensional ag-
gregate of N identical charged particles which move 
in a charge neutral background which extends over 
the spatial interval (— L/2, Lj2). The particles are 
further constrained so that they are impenetrable. 
Whereas the equilibrium properties of closely relat-
ed systems have been studied in detail [1,2], kinetic 
analyses have for the most part been restricted to 
numerical studies [3, 4]. Furthermore, in these pre-
vious investigations, particles were not constrained 
to be impenetrable. 

In the present work, a general simplifying prop-
erty of the BBKGY sequence, relevant to this con-
figuration, is derived. Namely, it is found that the 
hierarchy separates into N uncoupled equations for 
the sequence of N reduced distributions. The poten-
tial relevant to any such subgroup of s labeled, ad-
joining particles, is that of an «-dimensional har-
monic oscillator whose frequencies are equal to the 
plasma frequency of the aggregate. 

The general solution for each such reduced dis-
tribution is obtained and explicit forms are written 
down for the normalized equilibrium distributions 
at a given temperature. The one-particle distribu-
tion, for the first labeled particle, in configuration 
space, is found to be one half a gaussian wdth local 
maximum at x= — L/2 and local minimum at x = 
+ L/2. This asymmetry is a consequence of the 
constraint of impenetrability and distinguishability 
of particles in one dimension. 
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The s-particle equilibrium distribution is found 
to contain the Debye distance as a parameter. Apart 
from fixed constants, the square of this length is 
equal to T/Q, where T is temperature and Q is 
particle number density. It is found that as T/Q 
diminishes from oo to 0, the s-particle spatial dis-
tribution passes from a flat distribution to one which 
is peaked at uniform intervals. The exact form of 
the many-particle distribution function reveals that 
at all points of this variation, particle migrations 
remain centered about sites fixed at uniform inter-
vals. These findings are in accord with those of 
Kunz [5], who studied the same configuration as 
described herein, through a partition-function ap-
proach. Although results are left in quadrature 
form, Kunz concludes that, "the system is in a 
crystalline state, at all temperatures and densities". 
Van Hove [6] reaches the same conclusion for a col-
lection of finite-sized rigid particles in one dimen-
sion, through calculation of the free energy of the 
configuration. 

Partition-function analyses of Lenard [1], and 
Baxter [2] for the analogous system of penetrable 
charged particles were interpreted to imply a form 
of particle binding which reduced the effective 
number of particles by one half. A molecular-field-
type phase transition for a one-dimensional Coulomb 
system on a circle was reported by Schotte and 
Truong [7]. 

2. BBKGY Equations 

We consider N particles of charge-a which lie in 
a one-dimensional space of length L. The space is 
uniformly charged with total neutralizing charge 
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Na. The Coulomb potential for this system [1, 2] 
is given by 

(NN \ 
U=-2t102 ( 2 Z \ x i - x i \ - e I x i 2 ) . (1) 

\ i<i i / 

where g = N/L is number density and X{ is the co-
ordinate of the i t h particle. The second term in (1) 
represents the interaction between the N particles 
and the uniform background. 

The Hamiltonian for this system appears as 

Vi2 
(2) 

With this form at hand, we may construct the 
Liouville equation for the ^-particle distribution 
/AT(xN,pN), where xN denotes the iV-dimensional 
vector, xi, . . . , xy , and similarly for jF . There 
results 

e/isr 4 Vi 8fN _ y d u 

dt i m 8xt i dxi dpi (3) 

Writing di for dxidpt, standard reduction [8] of the 
second term in (3) gives 

$d(s+l)...dNZPi dfN Pi 
ra 8 Xi - 1 . itri ra cxi is. (4) 

The remainder summation vanishes due to the 
boundary conditions, 

fN(*N, 0 0 at Xn = 1 ~ Y 
N 

and 

To reduce the third term in (3) first we note 

L\N 

¥ 
(5) 

dU 8 fN 

2n a2 dxi dpi 

8^12 

v V , sr 8Ui 
7<T i dx! 

dfN 

dpi 

^ duiN \ 8m 
dxi dxi J ® dxi 

Here we have written 

Ui] = | xt — Xj |, Ui = Xi2. 

dpi (6) 

(7) 

Furthermore we are assuming impenetrability of 
particles so that 

X1<X2<X3<--- <xN. 

Equation (16) then reduces to 

1 dU dfN 

(8) 

2no2 dxi dpi 
8 fs_ 
dpi ' 

Similarly, 
1 8 U dfN 

2 QO2 8^2 8^2 
/ 8 w 2 i 8«23 

\ dx2 dX2 

1 8 U 8 fN dfN 

2no2 8x2 dp2 dp2 

+ du2N \ 8^2 
8^2 / ® dx2 

dfN 
dpi ' 

In like manner, for the i t h term we find 
1 8 U dfN dfN 

Collecting these terms gives, 
^ 8U dfN 

N 
4 7i a2 2 

i=l 
(N - 2 i + l) 

t f i dxi 8pt 

With the additional boundary condition 

fN{xN,pN,t) = 0 a t pX = oo* 

it follows that 
dU dfN 

Thus, the integral of (9) becomes, 

4 7 r a 2 f d ( * + l ) . . . d i V 2 [ ^ ~ 2 ' + 1)H 
i=i L 2 

'{N - 2 i + 1) 

QXi 

Q Xi 

= 4 7i a2 2 
t=i 

QXi 
dfs 
8 Pi 

(9) 
8/iv 
8 pi ' 

(10) 

(11) 

8/AT 

8 Pi 

(12) 

Combining (4) and this last result (12), we obtain 
8is , y Pi 8 
dt ' i=1 m 8Xi is (13) 

— ±71 O2^ 
i = l 

{N-2i+ 1) 
+ QXi dpi is = 0 

Thus we find that for a one-dimensional Coulomb 
gas of impenetrable particles, the BBKGY equa-
tions degenerate into N uncoupled equations for 
the sequence {/Ä}, s = 1 , . . . , N . 

3. Effective Hamiltonian a n d Solutions 

The effective potential which enters (13) is given by 

Us(l,...,s) = 2Üi(xi)> 
i=L 

Üt = imap*[{Zi + W - W \ . 
N - 2 i + 1 

" 2 7 " 
(Op

2

 = 
4:71Q(J2 

m 
(14) 
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Thus the potential "seen" by the sub group of 
particles 1 through «s is that of an «-dimensional 
harmonic oscillator with constant effective spring 
constant ma>p

2, varying displacement of origin, A{, 
and varying depression of energy, \mo)v

2 Ai2. 
The Hamiltonian for this same group of particles 

is given by 

HS(L,...,s) = 2 
t=i 2 m + Üt(xi) 

= 2 E t f a ' P t ) 
<=i 

(15) 

Since the energy of this sub group is separable, the 
orbits are independent [9]. Thus, N constants of the 
motion for our s-particle group are the energies {Ei}. 
(Here we are suppressing the origin-of-time con-
stant so that a single particle in one dimension has 
only one constant of motion [8].) It follows that 
the general solution to (13) is given by 

fg(l,...,s)=g(E1,...,Eg), (16) 

where g is an arbitrary function. 
In equilibrium at the temperature T one obtains 

/«, eq(I> • • •»s) — As exp { ßHs(l, ..., s)}, 
ß=l/kBT. 

Equivalently, 
s 

/s.eq = r i / l .eq(») , 
i=l 

fi,eq(i) = exp [— ßHi(i)]. 

4. A s y m m e t r y of Distributions 

With fs representing probability density, 
J / 8 ( l , . . . , 5 ) d Z . . . d 5 = l 

we obtain [together with the constraint, (8)], 

1 1 

(17) 

(18) 

fs = 
(j/2 7imkBT) 

(19) 

n t = l 

(YW 
exp[— ( V i

2 \ 2 m k B T ) - (xt + A<) 2 / 2A D
2 ] 

erf 
fi>h> } ' \ 1/2 A» 

Here we have written AD for the Debye distance, 
kBT kBT 

A D
2 = 

matp* 4:JIQ0 2 

and erf a; represents the error integral [10] 

erf; — f e" !dz 

2x 
~ 77=-, \n 
- 1 , x > 1. (20) 

The s-particle configuration density, Qs , is related 
to fs as 

Q8(xi, ..., x,) = jfgdpx ... dps. 

There follows, 
1 

Qs = n exp[— [x{ + A<)2/2 A D 2 ] 

(21) 

(l/W;" erf 
/ y - H * \WM 

/ L 
~2 A< 

j/2AD / \ /2AD 

This density enjoys the pseudo-normalization (i.e., 
with condition (8) relaxed over integration), 

Jgsd r i . . . dt« = 1. 

Note particularly that 
, v 1 exp[— (xi + A I ) 2 / 2 A D 2 ] 

pi(^i) = 

\ |/2 Ad 
+ erf 

\ ^2Ad 

AI = 
N - 1 

2 q — 2 
(22) 

It follow s that in the accessible configuration space 
L L\ 
— ̂  x\ + — J, the probability of locating 
Z u J 

particle No. 1 is maximum at —L/2 and minimum 
at Ll2. This asymmetric property is a consequence 
of the impenetrability constraint (8). 

5. P h a s e Properties 

Returning to the s-particle configuration distribu-
tion function (21), we see that in the limits: 

A D - > 0 0 > Ps L~8, a) 

b) AD->0, 

Qs 

Qs n Hi+b) 
t=l 

Note that the constraint (8) reappears in limit (b). 
To understand the significance of the limiting forms 
(a) and (b), we refer to the expression for AD given 
above. Thus, AD 0 0 corresponds either to T oo 



1322 D. M. Heffernan and R. L. Liboff • Properties of a One-Dimensional Coulomb Gas 

or Q 0, both of which extremes diminish the 
Coulomb interaction between particles and back-
ground. The interparticle force in one dimension is 
constant. The opposite limit, AD 0, corresponds 
either to T -> 0 or g -> oo, in which cases the inter-
action between particles and background is most 
pronounced resulting in a rigid spatial ordering of 
the N particles. This change from a uniform, flat 
distribution at (Q/T) = 0 to a distribution of uni-
formly spaced particles at the limiting value 
(Q/T) — oo, resembles a continuous transition from 
the gaseous phase to the solid phase. However, the 
form (21) indicates that particles "remember" their 
centers of displacement (xf = — A*) throughout the 
change in Q/T. In this sense the system maintains 
its crystalline property for all Q and T [5]. 

6. Conclusions 

The BBKGY sequence for N equally charged, 
impenetrable, identical particles which move in a 
charge neutral one-dimensional space were shown 
to separate into N uncoupled equations for the 
respective N reduced distributions. The Hamil-
tonian for any sub group of connected particles 
includes a summational potential of harmonic oscil-
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